
Continuity properties of some classes of
Wick and anti-Wick operators

N. Teofanov

Department of Mathematics and Informatics, Faculty of Sciences
University of Novi Sad, Novi Sad, Serbia
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In this lecture we will present some results from recent contributions

N. Teofanov, J. Toft, Pseudo-differential calculus in a Bargmann setting,
Annales Academiae Scientiarum Fennicae Mathematica, 45, 227–257
(2020)

N. Teofanov, J. Toft, P. Wahlberg, Pseudo-differential operators with
isotropic symbols, and Wick and anti-Wick operators,
https://arxiv.org/abs/2011.00313
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analytic pseudo-differential operators,

a sample of results
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part I
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• Hermite functions are given by

hnptq “ p´1qnπ´1{4p2nn!q´1{2et2{2pe´t2qpnq

“ et2{2Hnptq, t P R, n “ 0, 1, . . . ,

and Hn are (normalized) Hermite polynomials.
• Hn were defined by Laplace in 1810, and later studied by Chebyshev

(1859) and Hermite (1864).1

• N. Wiener used Hermite function expansions to prove the Plancherel
formula for the Fourier transform around 1930.2

• In 1956. V. A. Steklov proved that the set of Hermite polynomials is
dense in L2

e´x2 pRq.3

1Poincaré je bio Hermite-ov student, a Picard zet. Mihailo Petrović im je bio student, a
zatim i prijatelj.

2N. Wiener, Fourier integral and certain of its applications, Cambridge University Press,
London (1933)

3The result was probably known earlier.
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• ”Hermite functions are also of importance in quantum mechanics, as
they are the wave functions for the stationary states of the quantum
harmonic oscillator.”4

• In 1970. B. Simon used Hermite function expansions in the framework
of SpRdq and S 1pRdq.

• In 1986. S. Pilipović gave a characterization of Gelfand-Shilov type
spaces through the growth condition of Hermite expansion coefficients.

• More recent related contributions are

M. Langenbruch, Hermite functions and weighted spaces of generalized functions,
Manuscripta Math., 119, 269–285 (2006)

Z. Lozanov–Crvenkovic, D. Perisic, M. Taskovic, Hermite expansions of elements of
Gelfand-Shilov spaces in quasianalytic and non quasianalytic case, Novi Sad J. Math., 37 (2),
129–147 (2007)

4G. B. Folland, Fourier Analysis and Its Applications, page 189,AMS, Providence, Rhode
Island (1992)
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Stanković seminar November 07, 2020 7 / 32



• As an ingredient in estimates of Hermite coefficients in Gefand-Shilov
type spaces, Pilipović used connections between the Hermite functions
and the Hermite operator

R “ ´
d2

dx2 ` x2.

• What is so special about the Hermite operator?
• R is one-dimensional Schrödinger operator with potential Vpxq “ x2.
• R “ 1

2pAA: ` A:Aq where

A “ ´
d
dx
` x, and A: “

d
dx
` x

are called creation and annihilation operators since

Ahkpxq “ p2k ` 1q1{2hk`1pxq, and A:hkpxq “ p2kq1{2hk´1pxq.

• Hermite functions are eigenfunctions of the Hermite operator:

Rhn “ p2n` 1qhn.
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• The commutator of (non-commuting) operators A,B is

rA,Bs “ AB´ BA.

• For example, x and d{dx are non-commuting operators and from the
Leibniz rule it follows that

d
dx
pxϕq “ ϕ` x

d
dx
ϕ ñ p

d
dx

x´ x
d
dx
qϕ “ ϕ,

so their commutator is the identity operator.
• ”The Leibniz rule is essential for applications in mathematical physics.”5

For example, Hörmander’s wavefront set is used to define the product of
distributions which satisfies the Leibniz rule.

• In 1928. Fock described the use of creation annihilation operators to
solve the commutator equation rA,A:s “ I.6

• Indeed, Fock identified A with the operator of multiplication with
z “ x` iy, and A: with Bz “

1
2p
B
Bx ´ i B

Byq.
5C. Brouder, N. V. Dang, F. Hélein, A smooth introduction to the wavefront set J. Phys. A:

Math. Theor 47 (2014) 443001
6Famous Fock spaces are introduced in 1932.
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• How the growth conditions on coefficients an “ pϕ, hnq in Hermite
expansions are transferred to the condition on iterates/powers of R?

|an|p2n` 1qr`1 “ |pϕ, hnq|p2n` 1qr`1 “ |pϕ, p2n` 1qr`1hnq|

“ |pϕ,Rr`1hnq| “ |pRr`1ϕ, hnq|.

ùñ
ÿ

nPN
|an|

2p2n` 1q2r`2 “
ÿ

nPN
|pRr`1ϕ, hnq|

2 “ }Rr`1ϕ}2L2 .

Then
ϕ P Sαα ô }Rrϕ}L2 ď Chrr!2α, α ě

1
2
,

for some h ą 0.7 Notice:

pDh ą 0q

˜

ÿ

nPN
|an|

2p2n` 1q2r

¸1{2

ď Chrr!2α

ðñ pDt ą 0q |an| ď Ce´tp2n`1q1{2α .
7The equivalence between different families of seminorms (Lp-type) is a useful tool in this

theory.
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• In such a way isotropic Gelfand-Shilov spaces can be characterized
(among other ways) both via the growth conditions of coefficients in
Hermite expansions and the iterates of an operator.

• The d´dimensional Hermite operator R “ ´∆` |x|2 is a globally
elliptic Shubin operator.

• Extensions to other operators are given by [Calvo, Rodino], [Cappiello,
Gramchev, Rodino], [Pilipović, Prangoski, Vindas], [Vučković, Vindas].

• Description of other spaces in terms of the powers of harmonic oscillator
are given by Toft, see also

A. Abdeljawad, C. Fernandez, A. Galbis, J. Toft, R. Üster, Characterizations of a class of
Pilipović spaces by powers of harmonic oscillator, RACSAM 114, 131 (2020).

Stanković seminar November 07, 2020 11 / 32



• Pilipović spaces (of Roumieu type) HspRdq, s ě 0, are given through the
formal Hermite series expansions

f “
ÿ

αPNd

cαhα, cα “ pf , hαq, |cα| À e´r|α|1{2s
,

some r ą 0.
• Note that HspRdq ‰ SspRdq “ t0u, 1{2 ą s ě 0.
• It was proved by Toft (2017) that

HspRdq “ tf | }RN f }L8 À hNN!2s for some h ą 0u.

• Furthermore, Toft considered Pilipović flat spaces where the condition

|cα| À r|α|α!´
1

2σ , σ ą 0

some r ą 0, is considered instead.
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part II
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• The Bargmann transform Vdf of f P S 11{2pR
dq is the entire function

Vdf pzq “
ż

Rd
Adpz, yqf pyq dy

“ π´
d
4

ż

Rd
exp

´

´
1
2
pxz, zy ` |y|2q ` 21{2xz, yy

¯

f pyq dy,

z P Cd, and xz,wy “
řd

j“1 zjwj.
• It was proved by Bargmann in 1961. that

Vd : L2pRdq Ñ A2pCdq

is bijective and isometric from L2pRdq to the Fock space A2pCdq, of
entire functions with scalar product

pF,GqA2 ”

ż

Cd
FpzqGpzq dµpzq, F,G P A2pCdq,

where dµpzq “ π´de´|z|
2

dλpzq (dλpzq is the Lebesgue measure on Cd).
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• In 1960’s V. Bargmann8 put a solid theoretical background for Fock’s
observations by showing that the Bargmann transform maps the creation
and annihilation operators into multiplication and differentiation in the
complex domain.

• By these investigations it follows that if

bpx, ξq “
ÿ

|α`β|ďN

c1pα, βqxαξβ,

then there is a unique

apz,wq “
ÿ

|α`β|ďN

c2pα, βqzαwβ

such that OpVpaq “ Vd ˝ Oppbq ˝V´1
d where the pseudodifferential

operator Oppbq is given via the Kohn-Nirneberg correspondence

f pxq ÞÑ pOppbqf qpxq “ p2πq´
d
2

ż

Rd
bpx, ξqpf pξqeixx,ξy dξ.

8Valentine Bargmann (1908–1989)
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• The Bargmann transform maps the Hermite functions to monomials as

Vdhα “ eα, eαpzq “
zα

α!
1
2

, z P Cd, α P Nd.

• The orthonormal basis thαuαPNd Ď L2pRdq is thus mapped to the
orthonormal basis teαuαPNd Ď A2pCdq.

• Let A0pCdq be the set of all analytic polynomials of the form
Fpzq “ cpαqeαpzq, and let

AspCdq “ tFpzq “ cpαqeαpzq | |cpαq| À e´r|α|1{2s
u, s ą 0.

Then Vd : HspRdq Ñ AspCdq is bijective mapping.
• We will also use uAspC2dq “ tK ; pz,wq ÞÑ Kpz,wq P AspC2dq u, s ě 0.
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• The starting point for our investigations are fundamental results given in

J. Toft, The Bargmann transform on modulation and Gelfand-Shilov
spaces, with applications to Toeplitz and pseudo-differential
operators, J. Pseudo-Differ. Oper. Appl. 3 (2012), 145–227.

J. Toft, Images of function and distribution spaces under the
Bargmann transform, J. Pseudo-Differ. Oper. Appl. 8 (2017),
83–139.
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• Let a be a locally bounded function on C2d such that pz,wq ÞÑ apz,wq is
analytic, z,w P Cd. The Wick operator OpVpaq with the symbol a is
given by

OpVpaqFpzq “ π´d
ż

Cd
apz,wqFpwqepz´w,wq dλpwq,

where F is an entire function, dλ is the Lebesgue measure and p ¨ , ¨ q is
the scalar product on Cd.

• pOpVpaqFqpzq is equal to the integral operator

pTKFqpzq “ π´d
ż

Cd
Kpz,wqFpwq e´|w|

2
dλpwq “

ż

Cd
Kpz,wqFpwq dµpwq,

when Kpz,wq “ Kapz,wq “ apz,wqepz,wq.
• Notice that

pOpVpzjqFqpzq “ zjFpzq and pOpVpwjqFqpzq “ pBjFqpzq

when F P L1pp1` |w|q dµpwqq X ApCdq.
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Theorem

Let s ě 1
2 . Then the following is true:

1 If T is a linear and continuous map from A1spCdq to AspCdq, then there is
a unique a P uApCd ˆ Cdq such that

|apz,wq| À e
1
2 ¨|z´w|2´rp|z|

1
s `|w|

1
s q, z,w P Cd,

for some r ą 0 and T “ OpVpaq;

2 If T is a linear and continuous map from AspCdq to A1spCdq, then there is
a unique a P uApCd ˆ Cdq such that

|apz,wq| À e
1
2 ¨|z´w|2`rp|z|

1
s `|w|

1
s q, z,w P Cd,

for every r ą 0 and T “ OpVpaq.
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Theorem

Let s ě 1
2 . Then the following is true:

1 If a P uApCd ˆ Cdq satisfies

|apz,wq| À e
1
2 ¨|z´w|2´rp|z|

1
s `|w|

1
s q, z,w P Cd,

for some r ą 0, then OpVpaq from A0pCdq to A10pCdq is uniquely
extendable to a linear and continuous map from A1spCdq to AspCdq;

2 If a P uApCd ˆ Cdq satisfies

|apz,wq| À e
1
2 ¨|z´w|2`rp|z|

1
s `|w|

1
s q, z,w P Cd,

for every r ą 0, then OpVpaq from A0pCdq to A10pCdq is uniquely
extendable to a linear and continuous map from AspCdq to A1spCdq .
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• If f , φ P S pRdq, then the short-time Fourier transform is defined by

Vφf px, ξq “ p2πq´
d
2

ż

Rd
f pyqφpy´ xqe´ixy,ξy dy

“ F pf φp ¨ ´ xqqpξq, x, ξ P Rd.

• Let φpxq “ π´d{4e´|x|
2{2, x P Rd. Then

Vd “ UV ˝ Vφ, and U´1
V ˝Vd “ Vφ,

where

pUVFqpx`iξq “ p2πqd{2ep|x|
2`|ξ|2q{2e´ixx,ξyFp21{2x,´21{2ξq, x, ξ P Rd.

• Let φpx, ξq “ π´
d
2 eixx,ξye´

1
2 p|x|

2`|ξ|2q, x, ξ P Rd, a P S 11{2pR
2dq and let Ka

be the kernel of Oppaq.

e´
1
2 p|z|

2`|w|2qVΘ,dKapz,wq

“ 2
d
2 e´ipxx,ξ´2ηy`xy,ηyqpVφaqp

?
2x,´

?
2η,
?

2pη ´ ξq,
?

2py´ xqq

when z “ x` iξ P Cd and w “ y` iη P Cd.
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• We deduce continuity properties of operators when acting between
suitable Lebesgue spaces of analytic functions.

• We recover some known results, and obtain new insights, since the
conditions on weight functions are relaxed when the analytic
pseudodifferential operators approach is used.
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• Anti-Wick operators are Wick operators such that the symbol apz,wq
does not depend on z:

Opaw
V pa0qFpzq “ π´d

ż

Cd
a0pwqFpwqepz´w,wq dλpwq.

• By Taylor expansion and integration by parts we get formally

OpVpa0q “
ÿ

αPNd

p´1q|α|

α!
Opaw

V pbαq, bαpwq “ Bαz B
α
wa0pw,wq

(provided a0 fulfils some further conditions).
• The Bargmann assignment SVa of a P S 11{2pR

2dq is the unique element
a0 P uApC2dq which fulfills

OpVpa0q “ Vd ˝ Opwpaq ˝V´1
d ô a0 “ SVa.
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• Let 0 ď ρ ď 1, and let PSh,ρpRdq be the set of all
ω P PpRdq X C8pRdq such that

|Bαωpxq| À ωpxqxxy´ρ|α|, α P Nd, x P Rd.

Here PpRdq consists of weights that are v´moderate for a polynomially
bounded weight.

• For ω P PSh,ρpRdq the Shubin symbol class Shpωqρ pRdq is the set of all
a P C8pRdq such that

|Bαapxq| À ωpxqxxy´ρ|α|, x P Rd,

for every multi-index α P Nd.

• We may now characterize the Shubin classes Shpωqρ pRdq by estimates on
their Bargmann (kernel) assignments.
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Theorem

Let 0 ď ρ ď 1, ω P PSh,ρpR2dq and a P S 1pR2dq. The following conditions
are equivalent:

1 a P Shpωqρ pR2dq,

2

ˇ

ˇpBz ` Bwq
αpBz ´ Bwq

βSVapz,wq
ˇ

ˇ

À e
1
2 |z´w|2ωp

?
2 zqxz` wy´ρ|α`β|xz´ wy´N ,

holds true for every N ě 0 and z,w P Cd,

3
ˇ

ˇ

ˇ
Bαz B

β
wSVapz,wq

ˇ

ˇ

ˇ
À e

1
2 |z´w|2ωp

?
2 zqxz` wy´ρ|α`β|xz´ wy´N ,

holds true for every N ě 0 and z,w P Cd,
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• By using our method we may recover the composition result (including
the new result when ρ “ 0).

• Recall, the product a#b of two symbols a, b P S1{2pR2dq is defined as
the product of symbols corresponding to operator composition:

Oppa#bq “ Oppaq ˝ Oppbq.

• Let 0 ď ρ ď 1 and ωj P PSh,ρpR2dq for j “ 1, 2. If aj P Shpωjq
ρ pR2dq for

j “ 1, 2, then a1#a2 P Shpω1ω2q
ρ pR2dq.

• We also deduce asymptotic expansion of the form

OpVpaq „
ÿ

αPNd

p´1q|α|

α!
Opaw

V paαq.
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Theorem

Suppose s ą 1
2 , a P uA1spC2dq, let N ě 1 be an integer, and let

aαpwq “ Bαz B
α
wapw,wq, α P Nd,

and

bαpz,wq “ |α|
ż 1

0
p1´ tq|α|´1Bαz B

α
wapw` tpz´ wq,wq dt, α P Ndz0.

Then

OpVpaq “
ÿ

|α|ďN

p´1q|α|Opaw
V paαq

α!
`

ÿ

|α|“N`1

p´1q|α|OpVpbαq
α!

.
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• Let 0 ď ρ ď 1 and ω P PSh,ρpR2dq. Then SV is a homeomorphism from
Shpωqρ pR2dq to uApωqSh,ρpC

2dq,

ˇ

ˇ

ˇ
Bαz B

β
wa0pz,wq

ˇ

ˇ

ˇ
ď Ce

1
2 |z´w|2ωp

?
2 zqxz` wy´ρ|α`β|xz´ wy´N , N ě 0.

• We have the following version of the sharp Garding inequality.9

9The real counterpart represents one of the basic applications of the Anti-Wick theory, cf.
Nicola, Rodino, Global Pseudo-differential calculus on Euclidean spaces, page 59, Birkhäuser
Verlag, Basel, 2010.
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Theorem

Let ρ ą 0, ωpzq “ xzy2ρ and let a0 P uApωqSh,ρpC
2dq be such that a0pw,wq ě ´C0

for all w P Cd, for some constant C0 ě 0. Then

ReppOpVpa0qF,FqA2q ě ´C}F}2A2 , F P AS pCdq

and

| ImppOpVpa0qF,FqA2q| ď C}F}2A2 , F P AS pCdq

for some constant C ě 0.
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for your kind attention!
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